Recently the first writer [l] gave a characterization of quasiFrobenius rings, introduced formerly by the second writer [3] , in terms of a condition proposed by K. Shoda, which reads: A ring A satisfying minimum condition and possessing a unit element is a quasi-Frobenius ring if and only if A satisfies the following condition:1 (a) every (A -left-) homomorphism of a left-ideal of A into A may be given by the right multiplication of an element of A. In the present note we shall offer a simpler2 proof of this, making use of the second writer's former characterization of quasi-Frobenius rings and a theorem in a previous joint note of the writers. The present approach starts, contrary to the one in [l] ,3 with a theorem (Theorem 1) which is independent of any chain condition (or is concerned with maximum condition at most (corollary to Theorem 1) and which is perhaps of interest by itself. We shall also show that a remark at the end of [l] , concerning semisimple rings with minimum condition, may be freed from chain condition, to yield a certain characterization of von Neumann's regular rings (Theorem 3).
1. Conditions (a), (a*). Let A be an (associative) ring. On weakening (a), we consider the condition:
(a*) every homomorphism of a finitely generated left-ideal of A into A may be given by the right multiplication of an element of A.
On restricting ourselves further to principal left-ideals, we obtain a (further weaker) condition, which we denote by (a**).
On the other hand, with a subset X in A, we denote, as in our former papers, the set of left (right) annihilators of X in A by l(X) (r(X)). We consider the conditions4 1 Under the assumption of the existence of unit element, this is equivalent to Shoda's condition that every homomorphism between two left-ideals should be extended to an endomorphism of A (considered as A -left-module).
1 Simpler, provided we used the results in our former works. 3 On the other hand, the proof in [l ] gives some further details for the case with minimum condition.
4 Observe that the dual relations r(li+U) =r(li)rV(l2) is trivial (and is always true). Contrary to our former papers, we use " + " for a mere module sum which is not necessarily direct.
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concerning, respectively, pairs of left-ideals Ii, 12 of A and right-ideals r of A. We denote by (b*), (c*) the conditions which demand the validity of (b), (c), respectively, for finitely generated left-or rightideals. On restricting (c) further to principal right-ideals we introduce the condition (c**). (ii) Assume (a*). Let Ii, I2 be two finitely generated left-ideals and let b be an arbitrary element in r(Iini2). Taking an element c of A arbitrarily,6
we consider the homomorphic mappings 0i: Xi-* Xic (xi E h),
of Ii and I2 onto he and l2(c+b), respectively. As bEr(li(~\l2), these mappings 0i, 62 coincide on IirU2 and together generate a homomorphic mapping 6 of I1+I2 onto liC+U(c+b):
Xi + x2 -> Xic + x2(c + b).
By (a*) this homomorphism 8 must be given by the right-multiplication of an element, say a, and we must have thus 6 A half of our proof of (i), (ii) is a mere reproduction of the arguments in [l] . The other half is to follow them in the reverse order.
8 We may take for instance the unit element for c.
c -a G r(I,), (c + b) -a G r(l2).
Here b = (c+b-a)-(c-a)Er(li)+r(l2).
This shows that r(UrM2) (Cwhence) =r(li)+?'(l2), proving (b*). That (c**) holds has been secured in (i).
Assume conversely (b*) and (c**). Then (a**) holds as has been seen in (i). Let I = ^4ai+^4a2+
• • -\-Aan be any finitely generated left-ideal in A, and suppose that (a*) is the case for its left-subideal \i=Aai-\-Aa2-\-■ ■ --|-.<4a"_i. Let 0 be a homomorphism of I into A, and let 0i, 62 be the restrictions of 8 to U, Aan respectively. Each of 0i, 02 is given by the right-multiplication of an element of A, say Ci or c2 respectively.
As 0i and 02 coincide on iiP\.4a", we have Ci -c2
Gr(lir\Aan). The last right-ideal is, by (b*), equal to r(li)+r(Aan). 
Corollary.
Let A be a ring with unit element and satisfying maximum condition. Then A satisfies (a) (equivalently (a*)) if and only if the correspondence I->r(l) (I: left-ideal of A) gives a (lattice-theoretical) dual-homomorphism of the left-ideal lattice of A onto the right-ideal lattice of A.
Proof. In our A the conditions (a), (a*) are equivalent and (b), (b*) are equivalent,
(ii) and (iii) of Theorem 1 together give our corollary.
Quasi-Frobenius
rings. Let now A be a ring with unit element satisfying minimum condition (whence maximum condition too). Our Theorem 1 (or its corollary), combined with Theorem 6 of [3], shows that A satisfies (a) if it is quasi-Frobeniusean.
To prove the converse, assume that A satisfies (a). Then, by Theorem 1 (or its corol- 3. Regular rings. Assume conversely that A is a regular ring. (Any finitely generated right-ideal is principal and) any principal right-ideal aA is generated by an idempotent element, say e. Let e = ab. We have y=ye=yab mod 1(a) ( = l(aA) =l(e)) for any yE^4-If we have a homomorphism of Aa into a residue-module A/V and if the image of a is ai (mod I'), then we ought to have l(a)aiQV and (y-yab)aiQY, i.e., yai =yabai mod 1' for any yEA. Thus our homomorphism of A a into A/V is given by ya^>yac (y£^4) with c = bai, which proves (a*).
